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In this paper, we investigate the electric discharge of electrocytes by extending our previous work on
the generation of electric potential. We first give a complete formulation of a single cell unit consisting
of an electrocyte and a resistor, based on a Poisson-Nernst-Planck (PNP) system with various membrane
currents as interfacial conditions for the electrocyte and a Maxwell’s model for the resistor. Our previous
work can be treated as a special case with an infinite resistor (or open circuit). Using asymptotic anal-
ysis, we simplify our PNP system and reduce it to an ordinary differential equation (ODE) based model.
Unlike the case of an infinite resistor, our numerical simulations of the new model reveal several distinct
features. A finite current is generated, which leads to non-constant electric potentials in the bulk of intra-
cellular and extracellular regions. Furthermore, the current induces an additional action potential (AP) at
the non-innervated membrane, contrary to the case of an open circuit where an AP is generated only at
the innervated membrane. The voltage drop inside the electrocyte is caused by an internal resistance due
to mobile ions. We show that our single cell model can be used as the basis for a system with stacked
electrocytes and the total current during the discharge of an electric eel can be estimated by using our

model.

© 2020 Elsevier Ltd. All rights reserved.

1. Introduction

Electric eels (Electrophorus electricus) have fascinated both sci-
entists and the public for centuries (Carlson, 2015; Moller, 1995;
Campenot, 2016). They are well-known for using electricity in var-
ious remarkable ways to track and immobilize prey and defend
themselves from predators (Bauer, 1979; Westby, 1988; Nelson
et al., 2016). The written account of their special capability dated
back to 1500s even before the knowledge of electricity, and its con-
nection with electricity was hypothesized in the 1700s (Finger and
Piccolino, 2011). They also played a crucial role in the discovery of
electricity in the nervous system and muscles (Finger and Piccol-
ino, 2011; Campenot, 2016).

Since the 1950s, there have been a number of experiments on
electric eels to investigate the electrogenic mechanisms and the
functions of electric discharge (Keynes and Martins-Ferreira, 1953;
Maciver et al., 2001; Markham, 2013; Lissmann, 1958), and partic-
ularly there has been a resurgent of interest in the last decade mo-
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tivated by a series of excellent experiments conducted by Catania
(2014, 2015a, 2015b, 2017a). Eels can produce both low intensity
and high intensity electric fields for tracking and attacking the
prey to active sensing and communication (Carlson, 2015; Catania,
2015b). It is reported (Brown, 1950; Coates, 1950; Catania, 2017a)
that large eels can produce electric fields with magnitude up to
600 V, and when in contact with the prey, an external current as
high as 1 A can be generated, which is lethal to many animals.
Catania (2014, 2015c) showed that eels can immobilize a prey or
detect its location over a certain distance, by activating prey motor
neurons with distinct types of discharges. To model the defensive
leaping behaviour, an equivalent circuit (Catania, 2017a; 2017b),
was proposed. It shows that a high voltage is generated when the
eel is connected to an insulator and an electric discharge with high
current develops when the eel makes a contact with a conduc-
tor (Catania, 2016).

The electric discharge is generated by an identifiable electric
organ (Markham, 2013), which makes up about 80% of the eel’s
body and consists of thousands of electrocytes. Stacked electro-
cytes behave like stacked mini batteries to produce the high volt-
age (Gotter et al., 1998; Mauro, 1969). The electrogenic mechanism
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of each electrocyte is closely related to ion transport across the
membrane and the firing of action potentials (APs) (Keynes and
Martins-Ferreira, 1953; Gotter et al., 1998; Dunlap et al., 1997).
The electrocyte has cell polarity and possesses two primary mem-
branes, innervated and non-innervated membranes, where various
types of ion channels, receptors and pumps abound and allow ionic
currents through them (Xu and Lavan, 2008; Sheridan and Lester,
1977; Noda et al., 1984). The firing of APs at innervated membrane
is similar to that in the nerve cells, and results in the transcellular
potential difference ( ~ 0.15 V).

Electrocytes can be thought of as many electric cells in se-
ries consisting of capacitor (innervated and non-innervated mem-
branes) and conductor (electrolyte) in series. It can store elec-
tric charges and discharge electric current. The energy is trans-
ported from bioenergy to electric energy when charging (polariz-
ing) through pumps and active transporters on membranes, which
uses ATP to build up and maintain concentration gradient of ions
across membrane. The mechanism of electrocytes has inspired
many applications in other scientific fields, particularly it has been
mimicked to design and manufacture artificial batteries. It has
been exploited to design promising power source for medical de-
vices by using synthetic cells (Xu and Lavan, 2008; Humayun et al.,
2003). The mechanism has also been mimicked by using stacked
hydrogels (Schroeder et al., 2017) to generate biocompatible elec-
tric power source for implant materials. Another study (Sun et al.,
2016) shows that a stretchy fibre that mimics electric eels could
power wearable electronic devices, where alternating segments of
conductive carbon nanotubes and insulating elastic rubbers coated
with electrolyte gel are used.

For an electrocyte, ODE (membrane) models are often utilized
to study membrane excitability and high voltage generation (Xu
and Lavan, 2008; Gotter et al., 1998). The ionic currents through
membranes are often described by distinct models for various ion
channels and receptors, including the celebrated Hodgkin-Huxley
(HH) model (Hodgkin and Huxley, 1990). The HH model was first
utilized to study APs in squid giant axon (Hodgkin and Hux-
ley, 1952), and hence could be extended to study the innervated
membrane of electrocyte. Xu and Lavan (2008) have proposed a
membrane model by taking into account both innervated and non-
innervated membranes, and a superposition of the two membrane
potentials leads to the final transcellular potential difference. In
these membrane models, ionic concentrations and electric poten-
tial are assumed to be constants in the extracellular (EC) and intra-
cellular (IC) regions, and the boundary layer (BL) or electric double
layer is neglected.

Our previous work (Cao et al, 2019) applied the Poisson-
Nernst-Planck (PNP) formulation to an electrocyte with various
membrane currents as interfacial conditions at the membranes, fo-
cusing on the mechanism of voltage generation. The membrane
model (Xu and Lavan, 2008) can be derived from the PNP for-
mulation as a leading-order approximation by asymptotic analysis.
The PNP system has found great success in modeling ion trans-
port in cells and ion channels (Rubinstein, 1990; Mori et al., 2011;
Liu, 2009; Liu and Eisenberg, 2014; Schmuck and Bazant, 2015;
Pods, 2017), as well as AP propagation in axons (Pods et al., 2013;
Song et al., 2018a). We did not consider the scenario when the
electric eel and the prey form a closed electric circuit, where the
eel functions as a battery and the prey is interpreted as a resis-
tor. The complication lies in the transient nature of the system,
when the current goes through the electrocyte and the resistor. As
stated in the Maxwell’s equations Jackson (1999), the total current
(Eisenberg et al., 2017; 2018) consists of both current induced by
the ions and the time variation of electric field, i.e., €d¢E. This in-
duced current €d:E becomes important when complicated forms
of current appear in the circuit, and ensures that the total current
is conserved in a closed circuit. This term has also found impor-

tance in electronic circuits of computers (Horowitz and Hill, 2015;
Eisenberg et al., 2017), related to stay capacitance.

It is desirable to investigate the discharge of electric eels
through a PDE model (here called PNP+resistor model), which we
believe is a more fundamental formulation than the ODE (mem-
brane) model. In the PDE approach, the spacial information is not
neglected. First, there is cell polarity for the electrocyte where
pumps, channels and transporters are not homogeneously dis-
tributed on the membranes, so one needs to treat the innervated
and non-innervated membranes separately. Second, this work con-
siders a series of stacked electrocytes, and one needs to upscale
the model for one electrocyte structure to a macroscopic model.
Third, it is essential to capture the spacial variation of electric po-
tential in IC and EC spaces and the BLs near the membranes and
the junction of electrocyte and resistor. It allows us to identify the
induced current due to the transient nature of the electric fields,
a combination of spatial-temporal effects. Another benefit of PDE
model is that the total current in the system can be naturally de-
fined and preserved for the whole system.

In this paper, we study electric discharge of electrocytes by ex-
tending our previous work on open circuit (electrocyte+infinite re-
sistor) to the case of closed circuit (electrocyte+finite resistor). We
first give a complete formulation for a single cell unit consisting of
the electrocyte and resistor, where PNP system is combined with
various membrane currents and a model for the resistor. The total
current for the system is suitably defined, which includes the €9dE
term and is conserved in the system. With the definition of to-
tal current, it is natural to recover the classical membrane models
for membrane potentials in general cases. A boundary layer (BL) is
present at the junction of electrocyte and resistor, since the cur-
rent transit from one form to the other. Using asymptotic analy-
sis, we derive a membrane (ODE) model for the closed circuit. Nu-
merical simulations are carried out to make comparison between
PNP and membrane models and to capture distinct features of the
closed circuit. Finite current is observed in the closed circuit, and
BLs near membrane and the junctions are confirmed. Unlike the
open circuit case, the finite current leads to non-constant elec-
tric potential in the intracellular (IC) and extracellular (EC) spaces,
and it induces an AP at the non-innervated membrane. The volt-
age drop in bulk of electrocyte is due to the internal resistance,
reflected by the equivalent conductance/resistance defined by con-
centrations. We also show how total current of an electric eel can
be estimated by using our single cell model, which is consistent to
the values from experiments reported in the literature.

The manuscript is arranged as follows. Section 2 presents the
“PNP+ resistor” model for a mini structure of electrocyte and re-
sistor, with the total current suitably defined. Asymptotic analysis
is performed in Section 3, to analyze the basic features and to de-
rive an ODE model for the closed circuit. Section 4 is devoted to
the numerical simulations of the PNP and ODE models, where the
features including BLs are confirmed and the total current is esti-
mated. Finally, concluding remarks are provided in Section 5.

2. Problem formulation

The electric organ of an electric eel consists of thousands of
electrocytes, each functions as a mini battery. When the eel at-
tacks a prey, there are two possibilities. In the first scenario, be-
fore the contact is made with the prey, each electrocyte is fired
simultaneously and a significant electric potential can be built up
on the organ scale by adding the potential difference from each
cell, which is the subject of our previous paper Cao et al. (2019).
In the second scenario, the contact is made with the prey when
the electrocytes are activated. In this case, we need to include the
prey in our model. Fig. 1(a) illustrates the two-dimensional view of
stacked electrocytes in electric organ and the one-dimensional (1D)
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Fig. 1. Sketch of electric circuits for electric discharge of eels (a) stacked electrocytes from electric organ and the external resistor (i.e., the prey), (b) mini closed circuit with
one electrocyte and mini resistor, where EC and IC stand for extracellular and intracellular respectively.

electric circuit where the electric organ plays the role of battery
and the prey is an equivalent external resistor (see also Keynes and
Martins-Ferreira (1953); Gotter et al. (1998)). A mini-circuit model
is first considered as shown in 1(b), which consists of one electro-
cyte and one external mini-resistor. After the analysis and justifica-
tion of the mini-circuit model by PNP model, we will provide the
connection to the macroscopic circuit model by approximately the
superposition principle.

2.1. A mini closed circuit

We consider a small scale 1D closed circuit, which consists of
a unit structure of electrocyte (like a battery) and a mini-resistor,
as shown in Fig. 1(b). The interior of the electrocyte is separated
from the EC spaces by two membranes, acting as capacitors. The
EC space of the electrocyte is connected to a mini-resistor (part
of prey). In a real battery-resistor circuit, the electric potential (V)
of the battery drives a current (I) through the resistor (R), and we
have the Ohm’s law V = IR. In the case of an electrocyte, the situ-
ation is more complicated. First of all, the electric potential needs
to be generated when the ion channels on the membranes are ac-
tivated. In general, it can be described using the following dynamic
equation (e.g., Hodgkin-Huxley model)

Cm% + Iehannet = I, (1)

where Cp, is the membrane capacitance, V2 is the membrane po-
tential at membrane a (intracelluar potential minus extracellular
potential), Ipanner denotes various current through ion channels on

membrane, and [* is the total current in the circuit. A similar equa-
tion applies to membrane potential V5 at membrane b. Roughly
speaking, the superposition of the two membrane potential pro-
vides the total voltage V and the total current is the same I* =1
in an electric circuit. More accurately for the resistor, according to
the Maxwell equation (Eisenberg et al., 2018), the total current I*
consists of two components: I and €9:E (induced current) where E
is electric field. When the total current passes through the closed
circuit, we must have

Va—vh=v. (2)

In the following, we wish to address a few questions. The
main question is whether this is a consistent model. One aspect is
whether the model is consistent with a more detailed PNP+resistor
model (considered as a more fundamental model) and retains
all the essential features through reduction. The other aspect is
whether the model prediction is consistent with experimental ob-
servations. A related issue is how to compute Vg, Vp,p, and I*. The
final question is how to validate our one electrocyte mini-circuit
model with experimental observations such as voltage and cur-
rent coming from a system with many electrocytes, i.e., to derive a
macroscopic circuit model.

2.2. PNP+resistor model
As in Figs. 1 and 2, we treat the unit structure of electrocyte as

a 1D structure. The electrocyte consists of IC and EC spaces, sep-
arated by two primary membranes, one innervated at x =a and
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Fig. 2. The 1D setup for the PNP+resistor model.

the other non-innervated at x =b. Various transmembrane pro-
teins, such as channels and pumps, are asymmetrically distributed
across the two membranes, which allow ionic currents through the
membranes. Three major ions (called bio-ions) Na*, K+ and Cl-
are considered, as they are the most relevant in the setting of elec-
tric discharge by electrocytes.

Poisson-Nernst-Planck (PNP) system is widely accepted to de-
scribe the ion transport in cells, and it has been proved to be ac-
curate for dilute ionic solutions (Kilic et al., 2007a; 2007b; Song
et al., 2019). For electrocytes, all the ionic concentrations in EC
and IC spaces are at most at the scale of 100 mM (see Eq. (12)),
which is roughly 0(10-3) of maximum ionic concentrations deter-
mined by ionic radius (Song et al., 2019), so they can be treated
as dilute ionic solutions. Therefore, the transport of the three ma-
jor ions in the EC and IC spaces are modelled by the PNP sys-
tem. Ionic currents through the membranes are described by vari-
ous empirical or experimental models, depending on the types of
transmembrane proteins involved. A general model for the resistor
based on Maxwell’s equation are adopted, and suitable connection
conditions are proposed at junctions to form an electric circuit.

Let ¢; (i=1,2,3) be the concentrations of Na*, K* and Cl-,
with valences z; = z; = 1,z3 = —1. The PNP equations for the elec-
tric potential ¢ and concentrations ¢; are (Rubinstein, 1990; Song
et al., 2018b)

—€0€ 0 = €Ny Zzici +q), xe(,a)u(a b)u(b,L),
i

Oci=—0i, Ji= _Di(axci + @Ciaﬂ/f)’ =123, (3)
kgT

where q is the fixed permanent charge which is nonzero in the IC
space (a, b), L is the typical length of electrocyte, J; are the ionic
fluxes consisting of two parts due to the ionic concentration gradi-
ent and the electric field, and D; are the diffusion constants. Other
parameters (see Appendix C) include vacuum permittivity €q, rel-
ative permittivity €,, elementary charge ey, Avogadro constant Ny,
Boltzmann constant kg, and absolute temperature T.

Various currents can go through the two membranes (Hille
et al., 2001; Hodgkin and Huxley, 1990; Xu and Lavan, 2008; Cao
et al, 2019; Adams, 1981; Bezanilla, 2007). On the innervated
membrane at x = a, there are voltage-gated channels, inward rec-
tifier K* (Kir) channels, and acetylcholine receptors (AChRs). The
currents I}/G (i=1,2,3) through voltage-gated channels involve the
gating variables, whose dynamics depends on the membrane po-
tential V4. They are mainly responsible for the generation of AP.
The Kir channels provide additional current for K+, denoted by 15".
The receptors will be open based on a chemical binding process,
and provide the stimulus currents I,R (i =1, 2) that are necessary to
disturb the equilibrium state and trigger AP. On the non-innervated
membrane at x = b, there are both channels (not voltage-gated)
and pumps, with currents I? and I (i=1,2,3). The pumps are
responsible to maintain and recover the equilibrium state for con-
centrations and electric potential. The general forms of the formu-
las of various currents have been discussed in a previous work

Cao et al. (2019), and are not repeated here. Specific models for
these currents are adopted in this paper and given in Appendix A.

These currents across the two membranes provide the flux con-
ditions at x = a, b for the PNP system

—zieoNaJ1 = VS + 1}, at x=a,
—ZegNap = B¢ + R+ K7 at x=aq,
~z3e0Na3 = ¢, at x=a,
ziegNyJy = IP + 17", i=1,2,3 at x=bh. (4)

We assume that the electric field is constant in the membranes,
which was also used to derive the Goldman-Hodgkin-Katz (GHK)
model in the literature Hille et al. (2001). Then, by continuity of
electric field, the interface conditions for v are

a a b b
u, €0y (b, t) = E;nu, (5)

hm him
where hy, is the thickness of the membrane and € is the relative
permittivity of membrane. Hereafter, superscripts a, b denote the
membranes at x =a, b, and subscripts =+ denote the right and
left limits of quantities on the membrane.

The electrocyte is connected to a resistor to form a circuit. Since
the time scale is quite small, we use the Maxwell’s equations to
model the total current I in the resistor (Eisenberg et al., 2018)

=0, I =J +edE, EXt)=—0, (6)

where J; includes all fluxes of charge with mass, including the di-
electric properties of matter. Suppose the resistor has a conductiv-
ity o and a dielectric constant €; (to distinguish with €, in PNP
system), then we have

Jr=0E + (€ —1)€gd,E. (7)
By (6) and (7), we get

€:0xy(a,t) =€

oxlr =0, I =0E+€p€fE, EX,t)=-0x¥, L<x<L+L,

(8)
where the effective length of the small-scale resistor is denoted by
L;.

At the junction x = L, the electric potential and the total current
are continuous

YL+, t) =Y (L—t), L(L+t)=IpmpL—.t), (9)

where the total current Iy, in the PNP system will be defined in
Section 2.4 (see (28)). For a closed circuit, the point x =L, + L is
connected to the point x = 0. At the two ends x = 0, L + L, without
loss of generality, we set

Y(0,t) =y (L+Lt)=0, (10)

since in a circuit one point for the electric potential has to be fixed
to ensure a unique solution of ¥. As a consequence of (9),, it will
be proved later that the total current is automatically continuous
at x = 0. Since the ions only appear in the electrocyte (0 < x < L)
and can not penetrate into the resistor, the boundary conditions
for c; are

Ji=0,
For initial conditions, we adopt the typical bulk concentrations
(Gotter et al., 1998),
c1(x,0) = 160 mM,
c3(x,0) = 162.5mM,
c1(x,0) = 8.928 mM,
c3(x,0) = 9.328 mM,

i=1,2,3, at x=0,L. (11)

Cc(x,0) =2.5mM,
for O<x<aand b<x<lL,
cy(x,0) =72.048 mM,
for a<x<b. (12)
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Together with g = —71.648 mM in a < x < b, the above initial val-
ues satisfy the electro-neutrality condition. The initial condition for
Y is

¥ (x,0) =0,

The above initial conditions are only used to generate the resting
state for the electric potential and the concentrations before simu-
lating the electric discharge.

xe (0,1+1L). (13)

2.3. Non-dimensionalisation

In this subsection, we present the dimensionless system, which
will be the starting point for analysis and simulations in later sec-
tions. We adopt the scalings

T atm 9o =g Depy ppy
g;:%, 1}:%, &:(;io, (14)
where

Io = 200, aoziDOi‘;ef’NA. (15)

All the currents on the right-hand side of (4) are also scaled by
Ip. The associated conductances and permeabilities in the formulas
of currents (see Appendix A) are scaled by

Gy — C()DOE%NA _ &
07 TeTL T L

The typical values are given in Appendix C.

In the following the tilde will be dropped and the same no-
tations will be used to denote the dimensionless quantities. The
dimensionless equations are given by

(16)

3
—€20u¥ =Y zie+q. xe(0,a)u(a,b)u (b 1),
k=1

0:C; = —0xJ; = D;0x(0xC; + ZiCi0xYr),
xe(0,a)uU(a,b)u (b, 1),
Ouly = =04 (0O + €260 ¥) =0, xe(1,14+L), (17)

where i =1,2,3, g =—-0.4478 in the IC space (a, b), and ¢ =0 in
other intervals. The parameter o is the dimensionless conductance
of the external resistor, and o € [0, 5] is adopted in the simulations
of this work, where o = 0 represents an insulator. The small di-
mensionless parameters € in (17) and €5, in the following (20) are
defined by

— [ €orksT -6 _ [ &elkeT -6
€ = /egNAcoLz 84 x107° €5, = /egNAcuLz 1.3 x 107°.

(18)
At the membranes, the flux conditions are
211 =+ R, at x=aqa,
2o/ =B+ B+ KT at x=aq,
—z3)s =B¢ at x=a,
zfi =P +17", i=1,2,3, at x=b. (19)

All the dimensionless formulas for above currents are given in
Appendix A and all other dimensionless values in this subsection
are given in Appendix C. The interface conditions for ¥ at two

membranes become

2 €m 1 a a 2 €m b b
€0 (a,t) = . W -y, € axw(b,t)thm Wy —v2).
(20)

With the definitions for dimensionless membrane potentials and
membrane capacitance Cy (scaled by egNAcoL/kBT)

2

V=YYl V=Yl -yl Ga=E~45x10° (21)
m

the two conditions in (20) can be written as

€20, (a,t) =CnVa, €20, (b, t) = —CrV2. (22)

At the junction x = 1 of electrocyte and resistor, the continuity
conditions are

Yv(A+.0) =y A1), LA+1t) =Imp(1-.1), (23)

where Ipyp is defined in (28) and an explicit form for the second
condition is given by (32). The boundary conditions for yr are

v(0,t) =y (1 +L,t)=0. (24)
The boundary conditions for ¢; are
Jix,t)=0, i=1,2,3, at x=0,1. (25)

The dimensionless initial conditions at t = 0 are given by
c1(x,0) =1, c3(x,0)=0.0156, c3(x,0)=1.0156,
xe (0,a)U (b, 1),
c1(x,0) = 0.0558, c,(x,0) =0.4503, c3(x,0) =0.0583,
x e (a,b), (26)
and

Y(x0)=0, xe(0,1+L). (27)

2.4. The total current

We define the total current for PNP system in the electrocyte as

3 3
Ionp = €20E + ) zifi = =€y — Y ziDi(3sC; + ziCidxr),  (28)

i=1 i=1

which consists of the ionic fluxes and the induced current due
to change of electric field (similar to the Maxwell’s model for re-
sistor). Taking the time derivative of (17); and utilizing (17),, we
get

3
—623m1ﬂ = ZZjDiax(axC,‘ +z,~c,~3x1ﬂ),
i=1

&  Odpmp=0. xe(0.a)U(ab)u(b1). (29)

This implies that the total current Ipnp in the PNP system is a con-
stant in space (i.e., IC and EC spaces) or is a function of time only.
Since all fluxes J; (i=1,2,3) and the electric field E = —dx{ are
continuous at membranes x = a, b, so is the total current I,z by
(28). Then, by (29), the total current is uniform in the electrocyte

Ipnp(x, t) = I*(t),

By (17)3 the total current I, in the resistor is a constant in space.
Since the total current is continuous at the junction x = 1 between
the electrocyte and the resistor, the total current for the whole sys-
tem is spatially uniform

Ipnp(x7 t) = IT(X7 t) =TI (t)7

This is expected in a closed circuit, and justifies the above defini-
tion of Ipsp. As in Maxwell's model for resistor, the induced current

0<x<1. (30)
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€29E is important and should be retained in the definition of the
total current for the PNP system. Eq. (31) implies that the continu-
ity of the total current at x = 0 (or x = 1 + L;) automatically holds.
With the definition in (28) and zero flux conditions in (25), the
continuity of the total current in (23), is explicitly given by

€20 (1—,1) = €2€; 0P (14, 1) + 0 Y (14, ). (32)

As there is no ionic flux to the resistor, the nonzero total current
I*(t) is passed from the electrocyte to the resistor through the term
€20y in Ipnp at x =1. This indicates a possible BL near x =1,
where 9y is large.

Suppose [*(t) is a given parameter or function, the Eq. (17) in
the resistor becomes
L(x,t) =0E+€*¢E=I(t), 1<x<1+1L. (33)
where E = —0dx1. Then, with the conditions

E(x,0) =0,
YA +L,t)=0,

we get the solutions for the resistor system

T<x<1+1L
t>0, (34)

E(x,t) = E*(t) = /‘f %e”(sff)/eszds,
0 r
YD =EO0+L-x. (35)

Depending on the relative scale of o and €, approximation of the
above integral or Eq. (33) is possible. The continuity of ¥ at x =1
then provides

¥(1,t) = E*(t)L. (36)

The above condition can be considered as an effective boundary
condition for the PNP system to replace the resistor. In general, this
condition depends on history of the total current I*(t), which is
related with the PNP system.

3. Asymptotic analysis and ODE model

Two dimensionless parameters € and o play important roles in
the previous formulation. It is well known that there are BLs and
accumulation of ions on the two sides of membranes at x =a, b,
due to the small parameter €. Depending on the scale of o, there
could also be BLs at the junctions x =0,1 due to the change of
forms of currents from the electrocyte to the resistor. In this sec-
tion, asymptotic analysis is conducted to derive a leading order
ODE model from the PNP+resistor model.

There have been a number of BL analyses near membranes for
the PNP system (see Song et al. (2018b); Cao et al. (2019), which
show BLs of thickness O(¢) on two sides of membranes under nor-
mal physiological conditions. Hereafter, we use “bulk” to mean the
bulk/inner region away from the BLs near membranes or the junc-
tions between electrocyte and resistor. In bulk regions, all the con-
cerned quantities are at most O(1) and taking the spacial deriva-
tive dx will not increase the order since there is no internal layer
in bulk. In other words, we have

1//, ZMZ/, L. = O(]), G, axC,', .= 0(1), ],', B,J,', .= 0(1),
i=1,2,3. (37)

From experiments in the literature and simulations in the next
section, the relevant time scale for the AP generation and electric
discharge is milliseconds (see also the parameter «q in (A.5,C.2)).
It is much smaller than diffusion time scale (at the order of 10 s),
by an order of roughly O(e¢). Therefore, as in a previous work
Cao et al. (2019), we adopt a new time scale f = t/¢ in the follow-
ing analysis and f ~ O(1) is the order of interest. The asymptotic

analysis here is then slightly different from the classical one with
the diffusion time scale. From (17) we get

3
—€20u¥ =Y zie+q. xe(0,a)u(a,b)u(b1),
k=1

—63,(],' = eD,-E)X(BXC,» + Z,‘C,‘axdf),
xe(0,a)u(a,byu(b,1),
0u(0 Ol + €13 0) =0,
where i =1,2,3.

The second equation (38), implies that the temporal variation
of ¢; in bulk is O(¢), and then each concentration c¢; remains as the

initial constant in bulk at leading order. Taking the derivative 0y
on (38), gives

0;(0xC;) = —€0xi = O(€),

E)fc,»

1<x<1+1L, (38)

i=1,2,3. (39)

By initial conditions, we have dyc; =0 at £ =0 and hence dy¢; =
O(e) for any £ ~ O(1) in bulk. As a result, the fluxes are dominated
by the drift term due to the electric field

Ji = =Di(0x¢i + zi¢i0x ¥ ) = —Dizic;dxf + O(€),
i=1,2,3, in bulk. (40)

Similarly by (28), together with (40), the total current in PNP is
written as

3
Ipnp = —€ ¥ + ) zi;

i=1

3
- Diz}cid ¥ +0(€), in bulk, (41)

i=1

where 2?11 Dl»zl.zci can be interpreted as an effective conductance
for PNP system (compared with o in Maxwell model (8) for resis-
tor). Near the junctions x =0, 1, the term €9, in the total cur-
rent Ipyp in (41) becomes significant. Since the ionic fluxes are zero
at two ends of the electrocyte by (25), we obtain from (41) that

Ipnp = —€03 7,

Initially, dx¥ = 0, and there is no current and no BLs at x = 0, 1.
But during dynamics with nonzero total current, the quantity d;,\
becomes significant near x =0, 1, leading to large dxy and BLs.
In BL, the large dxy will be balanced by dxc;, by noting J; = 0 at
x =0, 1. Across the BL from the bulk to the junctions x =0, 1, the
major contribution of Ipy, changes from ionic fluxes in (41) to the
term €dg, ¥ in (42).

Suppose the maximum scale of the total current is O(6), i.e.,

Ipnp = I = I*(£) ~ 0(6). (43)

at x=0,1. (42)

By (41), we can also consider § as the maximum scale of dxy¥
in bulk regions of electrocyte during the dynamic process. By the
definition of total current I in resistor, we may interpret § as
6 = max{e, o}, and we assume

0(e) =0(8) =0(1). (44)

Based on estimates of previous work on the open circuit
Cao et al. (2019), the individual fluxes across membranes are
< 0(1) (e.g., the fluxes are ~0.01 — 0.1 in Fig. 7 therein), so this
assumption in (44) is consistent with the scale of membrane cur-
rents. In BLs near x = 0, 1, the variation of v is also estimated as
0(9).

In the following, we set ¢ =0(1),L; = 0(1) and treat € as a
fixed small parameter. Then the problem depends on the scale of
o, leading to different cases as in the next subsections.



Z. Song, X. Cao and T-L. Horng et al./Journal of Theoretical Biology 498 (2020) 110294 7

m ab m

gl

SN N 1
X=a x=Db x=1 x=1+Lr,0

Fig. 3. The BLs and differences in electric potential.

3.1. Open circuit

The case of open circuit in Cao et al. (2019) can be recovered
with
o <0(e), (45)

which is a resistor with large resistance (or approximately an in-
sulator).

We take the junction x =1 for illustration. By the definition
(28) and the condition (32) at x = 1, in the new time scale we get

I (f) = €0,y (1-,0) = €€: 0, W (14, 8) + 0 0¥ (14,£).  (46)

By (35), the electric field is spatially uniform in resistor, and we
have

YA+LD-ya+D _ YaA+D

O (14,8) = L [ 0(1).
(47)

Substituting (47,45) into (46) leads to

—I* = €3,y (1—,£) = 0(e) + O(0') = O(e¢), (48)

which implies § = € in (44). Therefore the total current is negligi-
bly small, as in the open circuit case.

For the open circuit case in Cao et al. (2019), the boundary
condition dxY¥y =0 at x =1 was imposed as an ideal case from
the perspective of symmetry in the middle of EC space. When
the electrocyte is connected to a resistor (or an insulator), this is
not exactly true, and the above estimate (48) and Eq. (46) imply
9y (1—,F) = 0(1). However, we have two observations. First, there
is a tiny BL near the junction x = 1, where the variation of ¢ is
small at order O(¢) since the thickness of BL is O(¢). As a result,
the variation or BL near x = 1 can be neglected. Second, in the bulk
region just away from the BL near x = 1, we get

Y = 0(I*) = 0(e). (49)

Essentially, we have dxyy¥s =0 or constant v in bulk, which is the
typical feature in the open circuit case.

3.2. Closed circuit with finite total current

In the situation when the electric eel attacks the prey, the
equivalent mini-resistor has a conductance much larger than O(e€).
We consider the case of a common closed circuit with

€ <o <0(1), (50)

which will induce finite current of O(§) ~ O(o’) in (44). The BLs and
differences in electric potential (voltage) are illustrated in Fig. 3.
Unlike the open circuit case, the variation VlBL in BL near x=1 is
not negligible, as the total current is no longer small. The voltage
drops will be studied one by one.

First, in the resistor, by (46) at leading order, we get

—I*(f) = 0 (14, 1). (51)
Then, by the uniform electric field in (35) for the resistor system,
we get

vr=1/f(1,f)—1/f(1+Lr,f)=gl*(f). (52)

which can also be derived from (35,36) as leading approximation.

Second, we consider the voltage drops in bulk regions. Since
it is shown below (38) that the variation of c¢; is O(¢), we treat
the concentrations in bulk as constants, denoted by c; and c;
(i=1,2,3) for the IC and EC spaces. Then we define the two ef-
fective conductances as

3
o1 =) Diztcy xe(ab),
-1

3
ok =Y Dizicg xe(0,a)u(b1). (53)
i=1

Together with (41,43), we get

—od W =1, xe(ab), (54)
which gives difference in electric potential from a to b

a-b
Ve i= i =V = == 1" (55)

where and hereafter subscripts L, R denote the left-side and right-
side limits of bulk quantities (not in BL). Similarly, we have

1

a b—
Voo := ¥ — ¥R = _0751*’ Vi =y — Y = 0751*‘ (56)

Next, we examine the membrane potentials at x = a, b. By defi-
nition (28) in the new time scale £ and with (43), we have

3
—€d 0 + Yz =1"(D).

(57)
i=1
Then at x = a, b and by using (19,22), we get
_C?mafvrg = KO+ B+ B+ I+ B+ B+ 1
C 3
ROV ==Y (P + 1Py 417, (58)

€ i=1
The factor 1/e¢ appears because we adopted a new time
scale. It is estimated by BL analysis in Song et al. (2018b);
Cao et al. (2019) that the variation of ¥ in BLs near membranes
is small. In deriving the above equation (58) including the defi-
nition of the total current I* in Section 2.4, no approximation (like
electro-neutrality condition) is made, in other words it is exact and
derived from the PNP system.

As first approximation, we can replace the membrane potentials
by

Vi~ V=Y =i Ve~ Un =97 - YR,

By keeping high-order terms, a more accurate approximation is
given by

Vrg‘l = VT?Iva

(59)

Vi =Vnfe

fe=1 (60)

Cn 1 1
_m + +0(Gn/e€),
€ («/C11+C21+C3, /2C3E> ( m/ )
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a
Ci,—

where f. is a fixed correction factor. The membrane currents in
(58) involve membrane potentials and concentrations, given by for-
mulas in Appendix A. In these formulas, we can use the bulk mem-
brane potentials V4, V5 and bulk concentrations as first approxi-
mations. To be consistent with (60), similar high-order approxima-
tions for concentrations are
ya .y/a
cel1- Cm 21V .G = Cu<1 + szy’")
€ /2c3k € /Ci+Cu+C3t
\7b 7b
Cf_ = Cn(l + %7C ZiVm ) f’+ =cp|1- Cn _ZiVim
11+ Cor + C31 € \/ch
(61)
The derivation of 59-(61) is given in Appendix D.

Remark: For the formulas of currents IVC, IK" and IP in (A.8); .4,
the O(Cp/€) corrections in (60,61) cancel each other, therefore the
first approximations with bulk values are as accurate as those with
(60,61). This is consistent with the fact (Song et al., 2018a) that the
electro-chemical potential is constant (with error O(¢) « O(Cp/€))
across the BL. The formulas Iib in (A.8); and If in (A4, A5) are
slightly different with corrections in (60,61).

Finally we study the BLs at x =0, 1 and the differences in elec-
tric potential V' and VEL. For BL at x = 1, we get at leading order
(see derivation in Appendix D)

€0 (1—, 1) = /203 (V172 — e V1'12), (62)
where
VI =yl -yl =y (1-8) - ¢ (63)

Using the total current (46) at x = 1, we obtain

o V2ca (e - e¥2) | = -1 (64)

which is equivalent to

(ev]m/z n efvlﬁL/Z) /C%Eafvlm - (65)

Similarly VB follows the same equation, and hence VB = VL,
Finally, by the closed circuit (see Fig. 3), we get the equation for

I*,
VB 4 Voo + V8 + Vi — V2 4V + VB =V, (66)
which, by substituting (52,55,56), leads to
- . Ly b-—a 1-(b-a)
a _ y7b BL _ [ = *
Vi — Vo + 2V = <G + o + or )I . (67)

3.3. The ODE model

We summarize the system from the preceding subsection,
called ODE model here. Now we convert the time scale from f back
to diffusion time scale t, and the ODE model reads

—Cmfc%f/,% =K+ L+ B+ R+ B+ 7+ 1

d . 3
CrfegiVm = = 2@ + 1" + 1",
i=1
d
CBLE‘/]BL = 71*,
- ~ L. b-a 1-(b-a)
a_ (b BL _ [ Ir *
Va Vb 4 2v! (U ot T )1 , (68)

where o, o are given in (53), G, is membrane capacitance and

G = (2 4 e712) [ (69)

is the “capacitance” of the BL near the junction x = 1. Note that
the capacitance Cp; describes the effect of accumulation of ions
near the junction, and unlike the membrane capacitance it is not
a constant. The factor f; is given in (60), and if we adopt the first
approximation we get f. =1, which implies the bulk membrane
potentials V@, V2 are considered the same as exact membrane po-
tentials V4, Vb,

Now we compared with the intuitive mini circuit model in
Section 2.1. The specific forms of various currents in (68) for elec-
trocyte are adopted to represent I pguqe in (1), and the resistance
is R=L;/o in this 1D case. There are only two differences: (1) the
term V]BL is added to account for the difference of electric poten-
tial across BL near the junction of electrocyte and resistor, (2) the
voltage drops in IC and EC spaces are added on the right-hand side
of (68), where the terms (b—a)/o; and [1 — (b—a)]/oF are inter-
preted as the internal resistances of the IC and EC spaces of elec-
trocyte. We note that [* is often interpreted as the total current
and used as a bifurcation parameter in the literature (e.g., the HH
model). Here, we have verified this physical interpretation of the
total current by clearly defining the total current in the PNP sys-
tem and the closed circuit.

Remark: For the ODE model of an open circuit, we set I* =0
and o =0, and remove the last two equations in (68). This recov-
ers the model in Cao et al. (2019), and can be used to capture the
high voltage generation V& — Vb,

3.4. The macroscopic circuit model

We first present a formal analysis based on superposition prin-
ciple, to get an idea of the connection between macroscopic circuit
and the mini circuit. Then, we show the macroscopic circuit model
based on the ODE model in (68).

The electric organ consists of thousands of electrocytes stacked
in series. The stacked electrocytes can be considered as a series of
battery, which provide the total macroscopic voltage V™™, When
it is connected to an external resistor with resistance R™%T, there
will be current 1™ through the macroscopic circuit. If we envi-
sion it as a Kirchhoff circuit, we get

macro _ Y macro

~ Rmacro”

(70)

We use dimensional quantities in the formulation. Assume there
are N electrocytes in the organ, then we write

ymaero — NV, ~ N(¥ (L, t) — ¥ (0, t)) = NV, (71)

where v is from the PNP system for unit electrocyte structure. We
assume a simple resistor of regular shape for simplicity, then the

total resistance is
Lmacro

Rmacru — T , 72
P4 (72)
where p =1/0 is resistivity (considered as material property),
L js the length of resistor, and A, is cross sectional (con-
tact) area. Diving the total resistor into N parts of mini-resistors
Lnaco = NL,, we can write
Ly Ly
RMT° —NR, R=p— = , 73
PA = oA (73)
where L, is the length of mini resistor used in previous formula-
tion. The macroscopic length scale of electric organ is expected to
be the same order as that of the resistor (e.g., the prey or an arm),
then we expect L, ~ O(L) as adopted in previous analysis. Combin-
ing (70,71,73), we get
Vi Vio
— =A— =AT(t 74
R = AL = AT, (74)
where Eq. (52) is used in last equality. Therefore, the total current
in the macroscopic circuit only differs from the previous I* for mini

Imacro ~
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circuit by a factor of contact area, which makes sense since a 1D
formulation was adopted.

To examine more closely, we find that approximation in (71) is
not so accurate, since the BLs at the junction between electro-
cyte and resistor are repeatedly counted. For stacked electrocytes,
the connection between the electrocytes is different from the con-
nection between electrocyte and resistor. There is no change of
forms of currents, the conditions would be continuities of electric
potential, concentrations, and fluxes, instead of the condition (9).
There will be no BL at connection of electrocytes in EC space, and
the two BLs related with VL, VL only appear at junctions at far

end. Based on the previous ODE model, the last algebraic equation
should be replaced by

NVT‘,’,NV£+2V1BL=N<I;+b;a+1_g)_a)>l*. (75)
1 E

As N ~ 0(10%), by dividing N, the above term VBL/N or the effect of

junction point is negligible. Now we summarize the macroscopic
circuit model

—Cmfc%V,% =K+ B+ B+ B+ B+ + 1
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CrfegiVm = =2 +1"™) + 1,
i=1
N . L b-a 1-(b-a
Ve _vh = (Gr+ o T ETE ))1*, (76)

where the quantities Cp, fc, 0, 0 are the same as in (68) and the
3D total current is [™7° = A.I* by (74).

This model justifies the circuit models in the literature. In early
studies Bennett (1970, 1961), equivalent electric circuits with same
structure as (76); were adopted to study the electric organs and
electrosensory systems. Also, recent experimental studies (Catania,
2017a; 2017b; 2016) adopted similar equivalent circuit as (76)3 to
study the electric discharge with leaping bahaviour of eels, where
the electric organ is modelled as the electromotive force with in-
ternal resistance.

Here we emphasize the coupling of dynamics of membrane po-
tentials (76);, with the circuit equation (76)s;. First, detailed terms
for currents from various mechanisms are incorporated into the
system, and the conductances in these currents and other param-
eters will play an important role in the magnitude and pattern of
the total current, which are possibly related to different biologi-
cal behaviors of eels. Second, some experimental works (Catania,
2017a; 2017b; 2016) often adopt the single circuit equation (76)3
to illustrate the phenomenon. However, unlike the real battery that

gives constant voltage, the electrocytes provide a dynamic voltage.
As shown in later simulations, the maximum voltage during the
dynamics varies a lot with different resistances of the external re-
sistor. It means that we should distinguish the cases of insulator
(maximum voltage reported) and conductor (maximum current re-
ported) for the external resistor.

4. Numerical results

In this section, we present the numerical results of the
PNP+resistor system and the ODE models. Comparison between the
two models are made, and the features different from open circuit
will be demonstrated. Then, we interpret the results to estimate
the current for the macroscopic circuit.

4.1. PNP+Resistor model

In this subsection, we present numerical results for the dimen-
sionless PNP+resistor model in Section 2.3. The formulas for the
membrane currents in Appendix A are used, including [lb in (A.8)3.
We set L, =4 for illustration. We simulate it in two steps. First,
we generate the resting (equilibrium) state for the electrocyte by
setting o =0 and I$ =1} =0 in (19,A.4), when the receptors are
closed. Second, we simulate the dynamic processes for both the
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open circuit (o = 0) and the closed circuit (o0 = 1) cases, where the
receptors are open to induce APs.

Since there are BLs near the membranes and the junctions be-
tween electrocyte and resistor, refined mesh are adopted in these
regions to capture the profiles of concentrations and the electric
potential. More precisely, we set a nonuniform mesh with mesh
size Ax = 3.0 x 1073 in the bulk region, which is gradually refined
to Ax=1.7 x 1075 in BLs near x=0,a, b, 1.

Fig. 4 (a) shows the dynamics of the two membrane potentials
V& and V2, which reach the resting state soon, where the net cur-
rent across the membrane is 0. The resting potentials are calcu-

lated as
Vilezsxi0-4 = ¥W§ — W = —3.2443,
Vi liesii04 = Y2 — ¥ = —3.2414, (77)

and before scaling they are about —84 mV. Fig. 4(b) presents the
profile of electric potential at time t = 5 x 104, It shows that the
electric potential 1 is a constant in the bulk regions, and there are
BLs on both sides of the membranes.

Starting from the resting state, ACh receptors are activated at
the innervated membrane x = a, generating extra flux for sodium
ion, thereby inducing an AP. We compare the two cases of open
circuit with ¢ =0 and closed circuit with o =1. Fig. 5 shows
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Fig. 11. (a) Comparison of the total current I* between the ODE model (dashed line) and the PNP+resistor model (solid line) with o =1 (b) dependence of maximum total

current I, on o by the ODE model.
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Fig. 12. (a) Comparison of Dynamics of the total current [* between the macroscopic circuit model and the mini circuit model, (b) dependence of maximum total current
Imax on o by the macroscopic circuit model (c) dependence of maximum voltage Vimax across one electrocyte on o by the macroscopic circuit model.

the dynamics of membrane potentials V4, V2, and the total volt-
age (electric potential) difference over the entire electrocyte for
the two cases. Fig. 5(a) recovers the result of open circuit in
Cao et al. (2019) (o = 0). It shows that an AP is generated at the
innervated membrane from the curve of V%, whereas the mem-
brane potential VJ at the non-innervated membrane stays at the
resting potential. Fig. 5(b) shows that APs are generated at both
the innervated membrane and non-innervated membrane, induced
by the current in the closed circuit. Figs. 5(¢) and 5(d) show the to-
tal voltage difference over the entire electrocyte for the open and
closed circuits, respectively. It can be seen that the built-up of elec-
tric potential in the closed circuit is less significant than that of
the open circuit, and the maximum voltage difference for o =1 is
roughly 1/10 of that for o = 0.

The various currents and the total current on the two mem-
branes are depicted in Fig. 6 for both cases 0 =0 and ¢ = 1. For
the open circuit with o =0, Figs. 6(a) and 6(b) show the mem-

brane currents on the right-hand side of (19), which are the same
as those in Figs. 7(a) and 7(b) in Cao et al. (2019). The difference is
that the total current here on membrane (the same as in the cir-
cuit) includes the induced current Iz = —€29. The induced cur-
rent is also shown in Fig. 6, and has significant values at certain
time when V% changes rapidly. With this new definition, the total
current is essentially 0 during the dynamics. For the closed circuit
with o =1, the currents on the right-hand side of (19), the in-
duced current and the total current are shown in Figs. 6(c) and
6(d) respectively for innervated and non-innervated membranes.
Compared with the case o =0, the scale of membrane currents
at innervated membrane are similar, but the total current is sig-
nificant, i.e.,, at the order 0(0.1). Since an AP is induced at non-
innervated membrane in Fig. 5(b), the induced current and the to-
tal current there in Fig. 6(d) are also significant. The total current
in Figs. 6(c) and 6(d) are the same, since it is preserved in the cir-
cuit.
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Next, we present the profiles of concentrations and the elec-
tric potential for the case of the closed circuit at t =3 x 10> (see
Cao et al. (2019) for the case of the open circuit). Fig. 7 shows the
profiles of concentrations ¢; (i = 1, 2, 3) for sodium, potassium and
chloride. It shows that the concentrations are constants in bulk
regions, and there are BLs near membranes x = a, b and junction
points x = 0, 1. The thickness of BLs is O(¢), and the variations in
BLs near membranes are small (at order O(Cy/€)) while the varia-
tions are significant (at order O(1)) in BLs near junctions with re-
sistor. These features are consistent with previous results in anal-
ysis. Fig. 8 shows the profile of the electric potential . Fig. 8(a)

shows that ¥ behaves as a linear function in bulk, indicating a fi-
nite current in the circuit. Fig. 8(b) shows the BLs near membranes
and junctions with resistor. Similar to the concentrations, the fea-
tures of BLs agree with the analysis and estimates in Section 3. The
BLs near junction x = 0,1 appear because finite current is passed
to the resistor through the term dx.

Finally, we test the effect of different empirical models for cur-
rents I,?’ through the non-innervated membrane. Instead of the
Goldman-Hodgkin-Katz (GHK) formulas (A.8)3, we adopt an alter-
native HH type model in (A.8)4. Fig. 9 compares the dynamics of
the membrane potentials and the total current with GHK and HH
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models. They show similar profiles, revealing that the choice of
empirical models has limited impact on the results.

4.2. The ODE model

In this subsection, we present the numerical results of the
ODE models in (68,76). For validation, we compare the results of
(68) with those in the preceding subsection. In addition, with the
results from (76), we give an estimate for the total current in the
Macroscopic circuit.

Fig. 10 shows the dynamics of the two membrane potentials for
both cases 0 =0 and o =1, where the solid lines are from the
previous PNP model and dashed lines are from the ODE model in
(68). The errors are small and the main features of the dynamics
are captured.

Fig. 11 (a) compares the dynamics of the total current for the
case 0 = 1 between the ODE model (in dashed lines) and the PNP
model (in solid lines). The error is negligible and the maximum
total current during dynamics is about 0.14. Fig. 11(b) shows the
dependence of the maximum total current Inax on the parameter
o, simulated by the ODE model. It shows that the maximum total
current Imax increases as the conductance o increases. The total
current for the case o = 0 is omitted here, since it is essentially 0
during dynamics.

Next, we give an estimate of the scale of the macroscopic to-
tal current and total voltage. Fig. 12(a) shows the dynamics of
the total current by the ODE model in (76) with o =1 for the
macroscopic circuit, compared with that in Fig. 11(a) for the mini-
circuit. It shows similar trend, and gives the dimensionless max-
imum current value of about 0.15. The dependence of maximum

current on parameter o is presented in Fig. 12(b), which is similar
to Fig. 11(b). By the parameter values in Appendix C, we get the
scale for currents Iy = 118.74 C/(s-m?). If the contact area is of or-
der 0.01 m?2, then we have the estimate for the dimensional maxi-
mum total current (with o =1)

[Mmacre . 0.15 x 118.74 x 0.01 ~ 0.18A. (78)

Experiments show the total current is 0(0.1) in Amps (Catania,
2017a; 2017b; 2016), and the largest value reported in literature
is roughly 1 A. Therefore, the present results are consistent with
the scale of currents in experiments. Fig. 12(c) shows the voltage
difference across one electrocyte by varying o. The scale for volt-
age is 25.9 mV in Appendix C. When there are approximately 5000
electrocytes, the total voltage is estimated as

Vymacre ~ 0.59 x 0.0259 x 5000 ~ 76.4 V,
ymate ~ 5.9 x 0.0259 x 5000 ~ 764 V,

o=1,

o =0. (79)

As the total voltage is often measured in a separate experiment
with an insulator in the circuit (Catania, 2016), the maximum val-
ues of total voltage should be compared with the case of o =0 or
relatively small o. The above scale is consistent with the data in
experiments (Catania, 2017a; 2017b; 2016).

4.3. Maximum current

In the previous subsections, we have investigated in details of
two special cases: open and closed circuits where either current or
voltage across the electrocyte is small. In the case of a closed cir-
cuit, both membrane depolarizes, and as a result the voltage is not
large. In the case of an open circuit, which can be considered as
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the case when conductance is zero, only one membrane depolar-
izes which leads to a large voltage across the electrocyte but with
no current generated. An interesting question is, therefore, whether
it is possible to obtain a large voltage drop across the electrocyte
with a large current.

In this section, we investigate the case when the contact be-
tween the eel and the prey is not made at the beginning and study
the effect of the timing when the contact is made. From modeling
point of view, this means that the conductance is a piecewise con-
stant: 0 =0 for t < T and o =1 for t > T for some t. Figs. 13(a)
and 13 (b) show the maximum current and the maximum voltage
difference (across one electrocyte) for various values of . It can
be seen that both the maximum current and maximum voltage are
significantly increased at about T = 0.2 x 10~%. The maximum cur-
rent gradually decreases to 0 by further increase of T whereas the
maximum voltage stays as a constant.

This can be explained by the time delay between ¢}, . and tj, .
when the maximum values of current and voltage are achieved for
certain values of t, as shown in Figs. 13 (c) and 13(d). The two
special cases with constants 0 =1 and o =0 correspond to the
extreme cases when 7 =0 and t is relatively large (e.g., T =3 x
10~* in Fig. 13). The maximum voltage is small for T =0 while
the maximum current is small for large t. On the other hand, for
some intermediate values of 7, both large current and voltage can
be obtained. Fig. 14 show the dynamics of the current, membrane
potentials, and voltage across one electrocyte for two intermediate
values of 7. In Fig. 14(a-c), with T = 0.2 x 10~4, both maximum
current and voltage are large and both are achieved at t = 7. In
Figs. 14(d-f), with T =1 x 104, the maximum current occurs at
t = 7 while the maximum voltage occurs at about t = 0.2 x 104,

5. Conclusions

In this paper, we have studied the electric discharge of electro-
cytes in electric eels. We focus on a model for a single electrocyte
and a complete formulation is provided, including the Poisson-
Nernst-Planck (PNP) system for the EC and IC spaces, various cur-
rents on membranes and Maxwell’s formulation for the resistor.
Using asymptotic analysis, we have derived simplified system with
the PNP system replaced by ordinary differential equations (ODEs)
that involves the dynamics of two membrane potentials and pre-
serves the total current in the closed electric circuit. The features
and estimates in our analysis have been validated in numerical re-
sults of both PNP and ODE models. On the organ scale, a macro-
scopic circuit model is also derived based on the single electrocyte
model, which justifies the circuit models in the literature. Our es-
timate of the total current is consistent with the values reported
in various experiments.

CRediT authorship contribution statement

Zilong Song: Formal analysis, Writing - original draft. Xiulei
Cao: Conceptualization, Writing - original draft. Tzyy-Leng Horng:
Writing - original draft. Huaxiong Huang: Methodology, Writing -
original draft.

Acknowledgments

This work is supported in part by the Natural Science and En-
gineering Research Council (NSERC) of Canada, the Fields Insti-
tute for Research in Mathematical Sciences and the National Cen-
ter for Theoretical Sciences of Taiwan. The authors would like to
thank Shixin Xu and other members of the Fields CQAM Lab on
Health Analytics and Multidisciplinary Modeling for helpful com-
ments and suggestions.

Appendix A. Formulas for currents on membranes

At the innervated membrane x = a, the currents through the
voltage-gated channels (positive from intracellular region to extra-
cellular region) are given by the HH model (Malmivuo and Plonsey,
1995; Hodgkin and Huxley, 1990)

VG a a a a kT C?.* ;
li :Gl(Vm—V,)zG, w+—w7—alncai 5 121,2,3,
1 i+

(A1)

where V are the Nernst potentials for ion species ¢; defined by the
last term in brackets, G; are the conductances and given by Xu and
Lavan (2008)

Gi = 8nam® h+&ngieak: G2 = 8kN* + 8kjeak: Gz =8a.  (A2)

where gnq. &k, &ci» Ena.leak- &k leak AT€ constants, and m, h, n are the
gating variables whose dynamics depend on the membrane poten-
tial V% (see Appendix B). The current from Kir channel is given by
Xu and Lavan (2008) and Nygren et al. (1998)

Eir(Va —V3)

Iéﬁr _
- bl
1 4 e Va-V+ny)

(A.3)
where gi;, is the maximum conductance, and n; and n, are the
two parameters. There are currents I’f and I§ for Na© and K*
through receptors, but only the total current of the two are mea-
sured experimentally (Chakrapani et al., 2004; Adams, 1981; Mitra
et al., 2005) and previous work (Cao et al., 2019) showed that only

the total current matters and there is little difference for different

combinations of the two currents. We set (Cao et al., 2019)
K= K=o (A4)

where If is given by Sheridan and Lester (1977), Magleby and
Stevens (1972), Xu and Lavan (2008)

_ [A]2gge—"
(AP + 2412 + 22

ki1kia

%

1

Vi
(anl - Vo), 2](,2 =o =qpe", (A5)

where [A] is the concentration of agonist, gz is the conductance
and Vy, Vq, ag are parameters.

At the non-innervated membrane x=b, we consider two
cases for the currents through the channels. First, as in pre-
vious work Cao et al. (2019), the current is described by the
Goldman-Hodgkin-Katz (GHK) model Xu and Lavan (2008) and
Hille et al. (2001)

br2( b b ,-drvh
VaF (ciﬁ—cue &T Vm

I’ = pz? ),i:LLB, (A.6)

RT(1— e V)
where P; are the permeabilities. Second, the current is described
by the HH-type model

keT €
z

C;
IP =G (Vp—VP) =G§’<w" —yl - ,-eol“cf) =123,
i,—

(A7)

where GP are fixed conductances. The pumps IP“" are set as 0
in the simulation, since they have little impact on the fact AP dy-
namics and electric discharge. It restores the equilibrium state over
a much longer timeframe.

The associated dimensionless formulas are given by

1. ¢ 1. ¢
ro-a(v-gnd) v ind

i Gy Zi i+

I[(,‘r _ gl(ir(vr?l - Vza)
2 7 ] femME-Vitm)”
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)

b

1,
b 1L+
zi b

P =G (Vm -V, (A8)

and I remains the same form.

All the dimensional and dimensionless parameters in the for-
mulas are given in Appendix C.
Appendix B. The dynamic system of m, n, h

The dynamic system of m, n, h is

dn
T on(1—n) — Bpn,
dm
dar = am(1—m) — Bmm,
dh
E = O{h(l — h) — ,th (B])
The coefficients are given by
V§+0.0163 Vg +0.0164
an =238 x10% . e oz, B, =171 x 103 . ¢~ oo
V4 +0.0618 V4 +0.0618
am = 2.64 x 10*.e7oom | B, =2.59 x 10*. e~ "bom

Vg +0.0545

op = 1.08 x 103 . e~ “ooo7sa |

B, = 1.49 x 103/(0.0745 + e~ “Tho" ),

(B.2)

where Vi are dimensional values in unit Volt, and o; and B; (i =
n,m, h) are dimensionless parameters already scaled by diffusion
time scale. With V& = —0.084 V, we obtain the steady state solu-
tion

ng = 0.008458, my = 0.1622, hy = 0.9967, (B.3)

which are used as initial values in simulations of electric discharge.
Appendix C. The parameters and data

The data are mainly from Hodgkin and Huxley (1990),
Pods et al. (2013), Sheridan and Lester (1977), Magleby and
Stevens (1972), and Cao et al. (2019) and the book in Liu and Eisen-
berg (2014). The constants are
kg = 1.38 x 10723]/JK N, = 6.022 x 10*3/mol,
eg = 1.602 x 1071°C ¢y = 8.854 x 10~12C/(V - m),

T =300.15K, F=egNs R =kgN,.
Some typical values are
& =80, €"=2 ¢y=160mM = 160 mol/m>,
hm =5nm, L=130 um, a=25pum, b=105 um,
Do = 10°m?/s, D;=133Dy, D, =1.96D,, D;=2.03(%1)
The conductances and parameters in flux formulas are given by
8ne = 157mS/cm? = 1570C/(V - s - m?),
8k =320C/(V-s-m?), gq=0C/(V-s-m?),
Enateak = 0.2761C/(V-s-m?) gy jeqr = 31.5390C/(V -s - m?),
8kir = 591C/(V-s-m?), & =700C/(V-s-m?),
P=0 P =112x10"°%mys, P;=7.63x 10 %mys,
Gh=0, G5=869C/(V-s-m?), G5=228C/(V-s-m?),
n; = 1.45, n, =-0.0630V, [A]=0.1mol/m3,
Vo=0, V;=12579 mV,
o =167 ms ! =1.67x10° s,

ki =7 x10% m3/(mol-s), k_1/k.q =2 x 1072 mol/m>.

(C.2)
From the data, we get the scales
ksT _ 25.9mV, L =16.9s, Ap=1.09 x 10~ m,
() Dy
Go = 4592.2C/(V-s-m?), Py=7.69 x 10~ m/s,
Iy = 118.74 C/(ssm?), 0o =0.6/($2-m). (C.3)
The constants in dimensionless system are
€=838x10"° €,=132x1075,
hm =3.85x 107>, a=0.1923, b=0.8077,
D; =133, D,=196, D3;=203, q=-04478,
o =282 x10% n; =145 n,=—2.4366,
8na = 03419, §x =0.06968, gy =2.18 x 1074,
Enateak = 6.0123 x 107> Zy o0 = 6.8679 x 1073,
Sir = 0.1287, £ =0.1524, V=0, V; =4.86,
[A] =6.25x 1074, k., =1.89 x 107,
k_1/kiq =1.25 x 1074,
P, =0, P, =0.1455 P;=0.009914,
G’ =0, G5=0.01893, G5 =4.9595x 10" (C4)

Appendix D. Derivation in Section 3.2

For derivations of 59-(61), we take the membrane at x =
a for example. For EC space, based on the BL analysis in
Song et al. (2018a) (see Eq. (29) therein), we get

m H 3 a__qfpa

Cn (Y% — %) = —sign(Yf — 1//3)\/2 Y c(enViv —1).
(D.1)

where in this problem we can set the limit values of bulk concen-

trations at membrane as cj; = c;. For the IC space, there is nonzero

permanent charge g, we can slightly modify the BL analysis. With
X = (x—a)/e in BL, we get at leading order

€’ (wa)2|

3
e Pl =2 (1)
i=1
+2q(Yr - D),

Removing the square root, setting ¢, = ¢;;, and using the condition
(22);, we get

(D.2)

Gy — sign(w;g—wg)\/z S ca(AWEVD — 1) + 2q(PE — ).
(D.3)

Based on the parameter values, one can easily get

o(Cﬂ) ~102,
€

which implies the variations %7 — ¢ and ¥ — ¥ are small and
at the above order, thus

Vi =9t =y~ Vo =Yg - Yt (D.5)

By keeping up to O(Cry/€) terms, i.e., expanding the right-hand side
of (D.1,D.3) together with electro-neutrality, we get

G 3 G 3
?'"Vn‘i = AW - ). ?’"V,% = [ 7R = v.
i=1 i=1

(D.6)

(D.4)
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Substituting the valences and by definitions of V2,V4, we get

(D.7)

+o(%" ) (D.7)

Vin =V + (g —93) — (' = ¥9)

=Vg 1+C—"’ ! +C—'" !
€ JC+Cy+C3 € J/Cig + Cp + C3g

By using electro-neutrality condition cjg + ¢ = c3, moving the
factor to the left-hand side and keeping the equivalent order at
O(C/€), we obtain (60). Following a similar procedure, we get the
result for V2 in (60). For formulas in (61), we take cﬁ_ for example,
others are similarly derived. By the BL analysis, we get

Cg— — C;]I'e_zi(lllﬂ—wf) = CiEezi(]/j"ﬂ_wf).

(D.8)
Combining with (D.6,D.7) and electro-neutrality cig + C3g = C3p, we
get up to the order O(Cp/e) that

Cn ZiV,‘,l,

€ /203

o =ce(1+zf —¥")=ce|1-

c Cn zin(rlz
el 1- 2 tim
l € \/2('35

For BL near x = 1, since fluxes are O(1) in bulk and the fluxes
are 0 at x =1, the fluxes are at most O(1) in BL, then there is a
standard BL. This is similar to BL at membranes, and the only dif-
ference is that the variation of y is relatively large, i.e., at O(1)
when the total current is finite. With the scaling X = (1 —x)/€ in
BL and g = 0 in EC space, we get at leading order

(D.9)

3
2 @)?| = @),y =2 ch(e#V VD —1). (D10)
i=1

By setting c} = cir. using definition VBl = 1 — ! and taking the
square root, we get

€NVl = Sign(VfL)\/z(ClE + )@V = 1) + 2c3 (e = 1)
= sign(VE)y/2c5p (e V" + € - 2)
= /2c3p ("2 — eV'2), (D.11)
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